We investigate the form factors and decay rates for the semileptonic decays of the kaon(K l3 ) using the light-front quark model. The form factors f±(q 2 ) are calculated in q + = 0 frame and analytically continued to the time-like region, q 2 > 0. Our numerical results for the physical observables, f−/f+| q 2 =m 2 l = −0.38, λ+ = 0.025(the slope of f+ at q 2 = m 2 l ), Γ(K 0 e3 ) = (7.30 ± 0.12) × 10 6 s −1 , and Γ(K 0 µ3 ) = (4.57 ± 0.07) × 10 6 s −1 are quite comparable with the experimental data and other theoretical model calculations. The non-valence contributions from q + = 0 frame are also estimated.
I. INTRODUCTION
Even though there have been a lot of analyses on the heavy-to-heavy and heavy-to-light form factors for weak transitions from a pseudoscalar meson to another pseudoscalar meson within the light-front quark model(LFQM) [1] [2] [3] [4] [5] [6] [7] [8] , the light-to-light weak form factor analysis such as K l3 has not yet been studied in LFQM. However, the analysis of semileptonic K l3 decays comparing with the experiment [9] has been provided by many other theoretical models, e.g., the chiral perturbation theory(CPT) [10] , the effective chiral Lagrangian approach [11] , the vector meson dominance [12] , the extended Nambu-Jona-Lasino model [13] , Dyson-Schwinger approach [14] and other quark model [15] . Thus, in this work, we use LFQM to analyze both form factors of the K l3 decays, i.e., f + and f − , and compare with the experimental data as well as other theoretical models.
In the LFQM calculations presented in Refs. [4] [5] [6] [7] , q + = 0 frame has been used to calculate the weak decays in the time-like region m mass, respectively. However, when the q + = 0 frame is used, the inclusion of the non-valence contributions arising from quark-antiquark pair creation("Z-graph") is inevitable and this inclusion may be very important for heavy-tolight and light-to-light decays. Nevertheless, the previous analyses [4] [5] [6] [7] in q + = 0 frame considered only valence contributions neglecting non-valence contributions. In this work, we circumvent this problem by calculating the processes in q + = 0 frame and analytically continuing to the time-like region. The q + = 0 frame is useful because only valence contributions are needed. However, one needs to calculate the component of the current other than J + to obtain the form factor f − (q 2 ). Since J − is not free from the zero-mode contributions even in q + = 0 frame [17, 18] , we use J ⊥ instead of J − to obtain f − . The previous works in Refs. [1] [2] [3] have considered only the " + "−component of the current which was not sufficient to obtain the form factor f − (q 2 ). Furthermore, the light-to-light decays such as K l3 have not yet been analyzed, even though the calculation of f − for heavy-to-heavy and heavy-to-light decays has been made in Ref. [8] using the dispersion formulations. Thus, we analyze both currents of J + and J ⊥ for K l3 decays using q + = 0 frame and analytically continue to the time-like region. Our method of changing q ⊥ to iq ⊥ is not only simple to use in practical calculations for the exclusive processes but also provides the identical results obtained by the dispersion formulations presented in Ref. [8] .
The calculation of the form factor f − (q 2 ) is especially important for the complete analysis of K l3 decays, since the
is prerequisite for the calculation of the physical observables
We also estimate the non-valence contributions from q + = 0 frame by calculating only valence contributions from q + = 0 frame and comparing them with those obtained from q + = 0 frame. Including the lepton mass effects for the dΓ/dq 2 spectrum of K l3 , we distinguish the decay rate of K µ3 from that of K e3 , where the contribution from f − is found to be appreciable for µ decays.
Our model parameters summarized in Table I were obtained from our previous analysis of quark potential model [16] , which provided a good agreement with the experimental data of various electromagnetic properties of mesons such as f π , f K , charge radii of π and K, and rates for radiative meson decays etc. As shown in Ref. [16] , the gaussian radial wave function φ(x, k ⊥ ) for our LF wave function Ψ λq,λq (x,
where ∂k z /∂x is the Jacobian of the variable transformation {x,
is obtained by the interaction-independent Melosh transformation. The detailed description for the spin-orbit wave function can also be found in previous literatures [1] [2] [3] [5] [6] [7] 16 ].
The paper is organized as follows. In Sec.II, we obtain the form factors of K l3 decays in q + = 0 frame and analytically continue to the time-like q 2 > 0 region by changing q ⊥ to iq ⊥ in the form factors. In Sec.III, our numerical results of the observables for K l3 decays are presented and compared with the experimental data as well as other theoretical results. Summary and discussion of our main results follow in Sec.IV. In the Appendix, the valence contribution in q + = 0 frame is formulated.
II. WEAK FORM FACTORS IN DRELL-YAN FRAME
The matrix element of the hadronic current for K l3 can be parametrized in terms of two hadronic form factors as
where q µ = (P K − P π ) µ is the four-momentum transfer to the leptons and m
The form factors f + and f 0 are related to the exchange of 1 − and 0 + , respectively, and satisfy the following relations:
Since the lepton mass is small except in the case of the τ lepton, one may safely neglect the lepton mass in the decay rate calculation of the heavy-to-heavy and heavy-to-light transitions. However, for K l3 decays, the muon(µ) mass is not negligible, even though electron mass can be neglected. Thus, including non-zero lepton mass, the formula for the decay rate of K l3 is given by [19] :
where G F is the Fermi constant, V q1q2 is the element of the Cabbibo-Kobayashi-Maskawa mixing matrix and the factor K f (q 2 ) is given by
do not discriminate between the charged and neutral kaon weak decays, i.e., f
For K l3 decays, the three form factor parameters, i.e., λ + , λ 0 and ξ A , have been measured using the following linear parametrization [9] :
where λ ±,0 is the slope of f ±,0 evaluated at q 2 = m As shown in Fig.1 , the quark momentum variables for q 1q → q 2q transitions in the standard q + = 0 frame are given
which requires that p + q = p + q and pq ⊥ = p q⊥ . Using the matrix element of the "+"-component of the current, J + ,
given by Eq. (2), we obtain the form factor f + (q 2 ⊥ ) as follows
where
As we discussed in the introduction, we need the "⊥"-component of the current, J ⊥ , to obtain the form factor f − (q 2 ⊥ ) in Eq.(2), viz.,
after multiplying q ⊥ on both sides of Eq.(2). The l.h.s. of Eq.(9) is given by
Using the quark momentum variables given in Eq. (7), we obtain the trace term in Eq.(10) as follows
Since both sides of Eq.(9) vanish as q 2 → 0, one has to be cautious for the numerical computation of f − at q 2 = 0.
Thus, for the numerical computation at q 2 = 0, we need to find an analytic formula for f 0 . In order to obtain the analytic formula for the form factor f − (0), we make a low q 2 ⊥ expansion to extract the overall q 2 ⊥ from Eq.(10). Then, the form factor f − (0) is obtained as follows
where the terms of C s are given by
with
The form factors f + and f − can be analytically continued to the time-like q 2 > 0 region 1 by replacing q ⊥ by iq ⊥ in Eqs. (8) and (9) . Since f − (0) in Eq. (12) is exactly zero in the SU f (3) symmetry [14] , i.e., m u(d) = m s and and Γ(K µ3 ) = (5.25 ± 0.07) × 10 6 s −1 [9] . In Fig.3 , we show dΓ/dq 2 spectra for K e3 (solid line) and K µ3 (dotted line) obtained from q + = 0 frame. While the term proportional to f 0 in Eq. (4) contribution from q + = 0 frame is visible even though it may not be quite significant for the decay rate Γ(K l3 ).
In Table II, for the set 1 in Table I , we obtain f + (0) = 0.974(1% change), λ + = 0.029(16% change), ξ A = −0.31(18% change), λ 0 = 0.0027(140% change), Γ(K e3 ) = (7.60 ± 0.12) × 10 6 s −1 (4% change), and Γ(K µ3 ) = (4.84 ± 0.08) × 10 6 s −1 (6% change), which yield an excellent agreement with the experimental data. In Ref. [13] , not only it was found that there is a rather large sensitivity for λ 0 compared to other observables for the variation of the model parameter but also it was noted that the experimental results for λ 0 are not yet firm. We show in Fig.4 the form factors f + (q 2 )(solid and 2 It should be noted that our model is quite stable with respect to the variation of ms. In addition to the observables in this work, our predictions for fK , r 2 K + , and r 2 K 0 in [16] are changed to 108 MeV(1% change), 0.385fm 2 (0.3% change), and −0.077fm 2 (15%), respectively.
dotted lines for the sets 1 and 2, respectively) at spacelike momentum transfer for the possible experimental probe in this q 2 < 0 region at TJNAF [13] . Our results are compared with other theoretical prediction in Ref. [13] (dot-dashed line).
In addition, we calculated the electromagnetic form factors F π (q 2 ) and F K (q 2 ) in the space-like region using both q + = 0 and q + = 0 frames to estimate the non-valence contributions in q + = 0 frame. As shown in Figs.5 and 6 for F π (q 2 ) and F K (q 2 ), respectively, our predictions in q + = 0 frame are in a very good agreement with the available data [20, 21] while the results for q + = 0 frame deviate from the data significantly. The deviations represent the non-valence contributions in q + = 0 frame(see Fig.1(b) ). However, the deviations are clearly reduced for F K (q 2 )(see Fig.6 ) because of the large suppression from the energy denominator shown in Fig.1 for the non-valence contribution.
The suppressions are much bigger for the heavier mesons such as D and B. Especially, for the B meson case, the non-valence contribution is almost negligible up to Q 2 = −q 2 ∼ 10 GeV 2 .
IV. SUMMARY AND CONCLUSION
In this work, we investigated the weak decays of K l3 using the light-front quark model. The form factors f ± are obtained in q + = 0 frame and then analytically continued to the time-like region by changing q ⊥ to iq ⊥ in the form factors. The matrix element of the "⊥"-component of the current J µ is used to obtain the form factor f − , which is necessary for the complete analysis of K l3 decays. Using the non-zero lepton mass formula[Eq. (4)] for the decay rate of K l3 , we also distinguish K µ3 from K e3 decay. Especially, for K µ3 decay, the contribution from f 0 [or f − ] form factor is not negligible in the calculation of the decay rate. Our theoretical predictions for K l3 weak decays are overall in a good agreement with the experimental data. We also confirmed that our analytic continuation method is equivalent to that of Ref. [8] where the form factors are obtained by the dispersion representations through the (gaussian) wave functions of the initial and final mesons. In all of these analyses, it was crucial to include the non-valence contributions in q + = 0 frame. As we have estimated these contributions in various observables, their magnitudes are not at all negligible in the light-to-light electroweak form factors. In fact, the non-valence contributions were very large for the most of observables such as
Finally, we have also estimated the zero-mode contribution by calculating the " − "-component of the current. Our observation in an exactly solvable scalar field theory was presented in Ref. [17] . Using the light-front bad current J − in q + = 0 frame, we obtained f − (0) = 12.6 [18.6] for the set 1[set 2]. The huge ratio of
is consistent with our observation in Ref. [17] . We also found that the zero-mode contribution is highly suppressed as the quark mass increases. The detailed analysis of heavy-to-heavy and heavy-to-light semileptonic decays is currently underway. Ref. [13] . e Ref. [14] , f Ref. [15] . Fig.2 . The form factors f + (q 2 ) for the K → π transition in time-like momentum transfer q 2 > 0. The solid and dotted lines are the results from the q + = 0 and q + = 0 frames for the parameter sets 1 and 2 given in Table I, respectively. The differences of the results between the two frames are the measure of the non-valence contributions from q + = 0 frame. Fig.3 . The decay rates dΓ/dq 2 of K e3 (solid line) and K µ3 (dotted line) for the parameter set 1 in q + = 0 frame.
The dot-dashed line is the contribution from the term proportion to f 0 in Eq.(4) for K µ3 decay. The results for the set 2 are not much different from those for the set 1. Fig.4 . The form factors f + (q 2 ) for the K → π transition in spacelike momentum transfer −q 2 < 0. The solid and dotted lines are the results from the sets 1 and 2, respectively. The dot-dashed line is the result from Ref. [13] . Fig.5 . The EM form factor of pion for low Q 2 = −q 2 compared with data [20] . The solid and dotted lines are the results from the q + = 0 and q + = 0 frames for the parameter sets 1 and 2, respectively. Fig.6 . The EM form factor of kaon compared with data [21] . The same line code as in Fig.5 is used.
